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Chapter 1

Baseline CV Algorithm

This report provides a detailed discussion of the baseline canonical-variates (CV) algorithm [1, 2],
which is a direct decendent of the original algorithm developed by Lawrence Larimore [3, 4, 5] for
automatically constructing linear state-space models based on vector time series data. This report
provides the theoretical justifiaction for the CV algorithm and specifies the algorithm in full detail.
The report also shows how state-space models provide useful estimates of power spectra and lagged
covariances when classical approaches fail. Finally, the report explains how state-space techniques
have been used for optimally detecting signals in colored noise and classifying data sequences based
on Kalman filtering.

1.1 Introduction

A time series is a sequence of observed m-vectors: y1,y2, . . .yN , where at time t ∈ {1, 2, . . . N}

yt =


yt(1)
yt(2)
...

yt(m)

 (1.1)

The elements of yt are real numbers. If the original data vectors, say y′
t, contain complex numbers,

then the real and imaginary parts are listed separately in yt:

yt =

(
ℜy′

t

ℑy′
t

)
(1.2)

By so listing the real and imaginary parts, it is possible to model complex processes that have
nonzero covariances between ℜy′

t and ℑy′
t.

A state-space model in innovations form for the process generating the time series has the
following state equations for all integer values of t:

xt+1 = Φxt +Get (1.3)

yt = Hxt + et (1.4)

C = cov(et) (1.5)
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Figure 1.1: Baseline CV modeling algorithm.

In Eq. 1.3, xt is the n × 1 state vector, Φ is the n × n state transition matrix, G is the n × m
noise-gain matrix, and et is the m × 1 innovations vector. The innovations process is modeled as
white noise. The state vector and innovations vector are internal variables; only the output of the
model, yt, is observed. This is called output modeling. In Eq. 1.4, yt is expressed as the sum of
two terms. The first term, which contains the m × n output matrix H, is that part of yt which
is correlated with the past and depends only on the current state vector. The second term, the
innovations et, is that part of yt which is uncorrelated with the past. In Eq. 1.5, C is the m ×m
innovations covariance matrix, which is defined as C = Eete

T
t , where the E denotes expectation,

and the superscript T denotes matrix transpose.
The baseline algorithm described in this chapter solves the simplest problem in state-space

modeling for time series data. This problem is stated as follows. Three inputs are given: (1) a
time series of m-vectors; (2) two positive integers, p and f , which determine the magnitude of the
computations and define the reach of the local past and local future in the baseline CV analysis
(these terms will be defined later); and (3) a positive integer, nmax, which is the upper limit on
the number of state variables being considered. (The number of state variables is bounded by the
reach of the local past and future: nmax ≤ min[mf,mp].)

Given these inputs, the problem is to find optimal numerical values for the state-space pa-
rameters (n,Φ,G,H,C). The optimal model is defined as that model, among the set of possible
ones based on p and f and having n ≤ nmax, which is expected to be the most accurate from
an information-theory point of view. Additional information about this criterion of optimality is
provided in [1, 6].

As depicted in Fig. 1.1, the CV modeling algorithm consists of three steps: (1) a canonical-
variates analysis to estimate canonical states; (2) a least-squares analysis to compute model param-
eters; and (3) an AIC analysis to select the optimal model. These steps are explained in sections
1.2 to 1.4. A concise summary of the complete algorithm is provided in section 1.5.

Extensions to the baseline CV algorithm are discussed in chapter 2. Criteria for choosing
appropriate values for the input parameters (p,f ,nmax) are discussed in section 2.1. Section 2.2
discusses the application of CV to transfer-function modeling. Modeling rank-deficient processes
is treated in section 2.3. The pooling of multiple time series is discussed in section 2.4. Current
software tools for CV state-space modeling are described in section 2.5. Topics for future research are
suggested in section 2.6. Section 3 discusses several applications of state-space models: estimating
power spectra and covariances from time series; reduced-order modeling; data simulation, Kalman
filtering, and optimal detection and classification. Appendix A discusses the performance objectives
with respect to which the CV modeling algorithm is optimal, and appendix B provides a derivation
of the baseline CV algorithm.
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1.2 Canonical-Variates Analysis

A statistical covariance analysis of the observed time series is performed to determine the best
(minimum-variance) linear transformations of vectors of past observations for the purpose of pre-
dicting vectors of future observations. This analysis is a generalization of principal components
analysis in multivariate statistics, and is known in statistics as an analysis of canonical correla-
tions. Intermediate quantities appearing in the analysis are vectors of canonical variates, which are
statistics having nice canonical properties. In the CV modeling algorithm, these canonical variates
are estimated state variables that form the core of the analysis.

The CV analysis consists of the matrix calculations described in this section. For t = p+ 1 to
N , define the local past vector z−t :

z−t :=


yt−1

yt−2
...

yt−p

 (1.6)

For t = 1 to N − f + 1, define the local future vector z+t :

z+t :=


yt

yt+1
...

yt+f−1

 (1.7)

The dimension of z−t is mp × 1, and the dimension of z+t is mf × 1. Therefore, the parameters
p and f control the dimensions of the local past and future vectors. They also limit the possible
number of state variables in the models: nmax ≤ min(fm, pm), where m is the dimension of yt.

The next set of calculations is most easily described in terms of the sample covariance matrix
S(at,bt), which is defined for two vector quantities at and bt:

S(at,bt) :=
1

N − f − p+ 1

N−f+1∑
t=p+1

atb
T
t (1.8)

Note that the sample covariance is defined with summation limits that depend on p and f . This
is done so that when the covariances between the local future and local past are computed, the
summation does not run off the ends of the time series.

Given the vectors z−t and z+t computed using Eqs. 1.6 and 1.7, and given the definition of the
sample covariance in Eq. 1.8, the sample covariances between the local past and local future are
computed. These are the mp×mp matrix

Cpp = S(z−t , z
−
t ) (1.9)

the mf ×mp matrix
Cfp = S(z+t , z

−
t ) (1.10)

and the mf ×mf matrix
Cff = S(z+t , z

+
t ) (1.11)
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The next set of calculations involves the Cholesky factorizations of Cpp and Cff . The right
Cholesky factor of a positive-definite matrix A, denoted [A]R, enters the right-handed factorization
of A:

A ≡ [A]TR[A]R (1.12)

In contrast, the left Cholesky factor, denoted [A]L, provides the left-handed factorization:

A ≡ [A]L[A]
T
L (1.13)

The right-handed and left-handed factors are related by the identify [A]R ≡ [A]TL.
Given the definitions of the right and left Cholesky factors, the matrices Cff and Cpp are

factored, inverted, and then used to pre-multiply and post-multiply Cfp to compute the mf ×mp
matrix P :

P = [Cff ]
−1
L Cfp[Cpp]

−1
R (1.14)

As Appendix B shows, P is the optimal estimator of the local future, given the local past, after
the observed data have been standardized by suitable linear transformations to a new coordinate
system in which they are dimensionless and have unity covariance matrices.

Having computed matrix P , it is factored using the singular value decomposition (SVD):

P = UΣV T (1.15)

where U is anmf×mf orthogonal matrix, V is anmp×mp orthogonal matrix, and Σ is anmf×mp
matrix. The diagonal elements, Σ(k, k) for k = 1 to min(mf,mp), are the singular values of P
arranged in order, from largest to smallest. The other elements of Σ are zero. With this ordering
of the singular values, the estimated state vectors, defined below, are arranged in the order of their
importance for predicting the future from the past.

Finally, the sequence of estimated state vectors, each of dimension nmax, is computed for t =
p+ 1 to N + 1:

x̂t = V (1:mp, 1:nmax)
T[Cpp]

−1
L z−t (1.16)

where V (1:mp, 1:nmax)
T denotes the transpose of the mp × nmax submatrix consisting of the first

nmax columns of mp×mp matrix V .

1.3 Least-Squares Parameter Estimation

The parameter matrices for a state-space model having n state variables are denoted (Φn,Gn,Hn,Cn).
These parameters are computed for a family of models having orders n = 1 to nmax. Let x̂

n
t denote

the subvector consisting of the first n elements of x̂t:

x̂n
t :=


x̂t(1)
x̂t(2)
...

x̂t(n)

 (1.17)

The calculations are started by computing the sample covariance of the time series:

Cyy = S(yt,yt) (1.18)
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For model orders n = 1 to nmax, the following covariance matrices are computed:

Cn
yx = S(yt, x̂

n
t ) (1.19)

Cn
xx = S(x̂n

t , x̂
n
t ) (1.20)

Cn
x1x = S(x̂n

t+1, x̂
n
t ) (1.21)

Cn
x1y = S(x̂n

t+1,yt) (1.22)

The model parameter matrices are then computed:

Hn = Cn
yx (1.23)

Φn = Cn
x1x (1.24)

Gn = (Cn
x1y − ΦnHnT)(Cyy −HnHnT)−1 (1.25)

The innovations covariance matrix for the nth model, Cn, is computed as

Cn =
1

N − p

N∑
t=p+1

ent e
nT
t (1.26)

where the ent are computed recursively for t = p + 1 to N as follows. First, a state vector of
dimension n is initialized using the first n elements of the estimated state vector computed in Eq.
1.16 for the starting time t = p+ 1:

xn
p+1 = x̂n

p+1 (1.27)

Then, the innovations are computed for t = p+ 1 to N :

ent = yt −Hnxn
t (1.28)

xn
t+1 = (Φn −GnHn)xn

t +Gnyt (1.29)

1.4 Model Selection

The Akaike information criterion for Gaussian models is used to determine which model is expected
to be most accurate. The AIC statistic is computed for each candidate model. For the zeroth-order
(n = 0) model, which has no state variables because the time series is modeled as white noise, the
innovations covariance is C0 = Cyy, and the AIC is

AIC(0) = (N − p) loge det(C
0) +m(m+ 1) (1.30)

where det denotes the determinant. For the remaining candidate models, having n = 1 to nmax,
the AIC is computed as

AIC(n) = (N − p) loge det(C
n) + 4mn+m(m+ 1) (1.31)

The optimal model, which is the one that is expected to be most accurate, has the smallest AIC.
Let n denote the number of states in this model. If n = 0, then a white-noise model is optimum,
and the innovations covariance is C = C0. (The other parameters (Φ,G,H) are undefined for the
white-noise model.) If n > 0, then (Φ,G,H,C) = (Φn,Gn,Hn,Cn), which completes the state-space
modeling algorithm.
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1.5 Concise Summary

The computations described in the previous sections are summarized here. The inputs are (1) a
time series of m vectors, yt for t = 1 to N , (2) the positive integers p and f , which define the reach
of the local past and local future, and (3) the positive integer nmax ≤ min(fm, pm), which is the
maximum number of state variables considered.

1. For t = p+ 1 to N , define the local past vector z−t :

z−t :=


yt−1

yt−2
...

yt−p

 (1.32)

2. For t = 1 to N − f + 1, define the local future vector z+t :

z+t :=


yt

yt+1
...

yt+f−1

 (1.33)

3. Compute the three sample covariance matrices:

Cpp = S(z−t , z
−
t ) (1.34)

Cfp = S(z+t , z
−
t ) (1.35)

Cff = S(z+t , z
+
t ) (1.36)

4. Compute the inverses of the left and right Cholesky factors of Cff and Cpp and form the
matrix

P = [Cff ]
−1
L Cfp[Cpp]

−1
R (1.37)

5. Compute the SVD of P :
P ≡ UΣV T (1.38)

6. Using the first nmax columns of V , compute the estimated state vectors for t = p+1 to N+1:

x̂t = V (1:mp, 1:nmax)
T[Cpp]

−1
L z−t (1.39)

7. Compute the sample covariance for the time series:

Cyy = S(yt,yt) (1.40)
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8. Compute the following sample covariance matrices and model parameter matrices for model
orders n = 1 to nmax:

Cn
yx = S(yt, x̂

n
t ) (1.41)

Cn
xx = S(x̂n

t , x̂
n
t ) (1.42)

Cn
x1x = S(x̂n

t+1, x̂
n
t ) (1.43)

Cn
x1y = S(x̂n

t+1,yt) (1.44)

Hn = Cn
yx (1.45)

Φn = Cn
x1x (1.46)

Gn = (Cn
x1y − ΦHnT)(Cyy −HnHnT)−1 (1.47)

9. For model orders n = 1 to nmax, compute the innovations for t = p + 1 to N : the initial
condition is

xn
p+1 = x̂n

p+1 (1.48)

and the recursion is

ent = yt −Hnxnt (1.49)

xn
t+1 = (Φn −GnHn)xn

t +Gnyt (1.50)

10. Compute the innovation covariance matrices: for the zero-order model, C0 = Cyy; and for
model orders n = 1 to nmax,

Cn =
1

N − p

N∑
t=p+1

ent e
nT
t (1.51)

11. Compute the AIC statistics for model order n = 0 to nmax:

AIC(n) = (N − p) loge det(C
n) + 4mn (1.52)

12. The model having the smallest AIC is the one expected to be most accurate.



Chapter 2

CV Algorithm Extensions

2.1 Choice of Input Parameters

The AIC for selecting models is rigorous for Gaussian modeling of long time series. A long time
series is one containing many more observed numbers than there are parameters being estimated
in the state-space models. This concept is made more precise in the following. A time series of N
vectors, each containing m real numbers, consists of mN scalars. In the baseline CV algorithm,
only N − f − p+ 1 time steps are used in computing covariance matrices (to avoid running off the
ends of the data set). Therefore, there are m(N − f − p − 1) scalars. In contrast, the number of
independent parameters that define an n-state model is 2mn+m(m+1)/2. (Reference [1] contains
a derivation of this result.) Therefore, the average number of degrees of freedom in each estimated
parameter is

d =
N − f − p− 1

2n+ (m+ 1)/2
(2.1)

A time series may be considered to be long for the purposes of developing an n-state model
when d ≥ 20. For example, if the time series consists of 100 scalars (m = 1 and N = 100), then
d = 100

2n+1 . This time series is long for models having n ≤ 2 state variables.
As another example, suppose that a time series consists of 300 4-vectors (N = 300 and m = 4).

Then d = 300
2n+5/2 . This time series is long for models having n ≤ 6.

The lengths of the local past and local future, p and f , determine the resolution with which
the baseline CV algorithm models narrow-band structure in the time series. Usually p = f . Two
constraints limit the magnitude of these parameters: (1) the larger p and f are, the less data are
available for computing covariance matrices, because they are formed from outer products for times
t = p+1 to N − f + 1 to avoid running off the ends of the data; (2) the larger p and f are, the more
computation that is required, because the dimensions of the covariance matrices become larger.

In practice, with long time series, progressively larger values for p and f are tried (with p =
f). For each choice, the power spectrum of the resulting model is computed. By comparing these
spectra, it may be verified that p and f have been set large enough so that increases have not
significantly changed the spectrum.

The effects of different choices for p and f are depicted in Fig. 2.1, which shows the power
spectra of three models corresponding to different choices for p and f with p = f . These models

10
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Figure 2.1: Comparison of effects of p and f on model power spectra (p = f , solid: p = 5, dashed: p = 10,
dotted: p = 20).

were developed using a time series from the following stationary process:

yt =
√
2 sin(2πt/10 + θ) + nt (2.2)

where t = 1, 2, . . . 1000, the random variable θ is uniformly distributed on the interval [0, 2π), and
the white noise nt is Gaussian with a standard deviation of 1.0. The mean-square signal-to-noise
ratio of this sinewave in noise is also 1.0. The spectrum of the process has a delta function at
frequency f = 0.1 cycles/sample and a white-noise floor at a spectrum value of 1.0. The broadest
spectrum in Fig. 2.1 corresponds to a model developed using p = 5, while the narrower, more
accurate, spectra correspond to using p = 10 and p = 20.

An automatic approach to choosing p and f , which was first suggested by Akaike, is to model the
time series using autoregressive models for orders n = 1 to some high order, e.g., nmax = N−5(m+1)

20m ,
which corresponds to 10 degrees of freedom per model parameter. The best of these models is
selected by determining which model has the smallest AIC. The order of this model is then used
as the value for p and f in the CV algorithm. The merit of this approach is that it can be easily
automated.

2.2 Transfer-Function Modeling

The time-series modeling discussed in the previous sections is output modeling. Transfer-function
modeling, in contrast, is input-output modeling, because both input time series and output time
series are observed. The application of CV analysis to input-output modeling is straight forward
[3]. The state-space equations are augmented by adding terms corresponding to the observed input
vectors ut of dimension q, for t = 1 to N:

ut =


ut(1)
ut(2)
...

ut(q)

 (2.3)
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The input-output state equations, in innovations form, are

xt+1 = Φxt +But +Get (2.4)

yt = Hxt +Dut + et (2.5)

C = cov(et) (2.6)

where the n × q matrix B and the m × q matrix D model the direct effects of inputs on the
states and outputs, respectively. In Eqs. 2.4 and 2.5, ut is a known vector at each time, and et
is the innovations vector with covariance matrix C. This model simultaneously accounts for the
dependence of yt on the known sequence ut as well as the part of yt that is not influenced by ut.

The z-transform of the input process is defined as

U(z) :=
∞∑
t=0

utz
−t (2.7)

The z-transforms of the innovations and output processes are denoted E(z) and Y(z), respectively.
The outputs may now be decomposed into two parts, one caused by ut and the other caused by et:

Y(z) ≡ Yu(z) +Ye(z) (2.8)

where each term is defined in terms of an appropriate transfer function:

Yu(z) ≡ Tu(z)U(z) (2.9)

Ye(z) ≡ Te(z)E(z) (2.10)

These transfer functions are computed from Eqs. 2.4 to 2.6 and are given by the following formulas,
in which In denotes the n× n identity matrix:

Tu(z) = H(zIn − Φ)−1B +D (2.11)

Te(z) = H(zIn − Φ)−1G+ Im (2.12)

For any normalized frequency f , the power spectral density matrix1 of Ye is computed as follows:

S(f) = Te(e
i2πf )CTe(e

i2πf )H (2.13)

where the superscript H denotes the Hermitian transpose. The folding frequency of this spectral
density is f = 1/2 cycle per sample.

The CV algorithm for determining the parameters (n,Φ,B,C,D,G,H) is a straight-forward ap-
plication of the approach used for output modeling in chapter 1. The local past is augmented to
include py output vectors and pu input vectors:

z−t =



yt−1

yt−2
...

yt−py

ut−1

ut−2
...

ut−pu


(2.14)

1The spectral density matrix is defined in section 3.1.
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Usually in practice, py = pu. The local past z−t is now an (mpy + qpu) × 1 vector, because the
output vectors are m-dimensional and the input vectors are q-dimensional. The reach of the local
past is defined to be

p := max(py, pu) (2.15)

and the maximum number of state variables is bounded as follows:

nmax ≤ min(mf,mpy + qpu) (2.16)

The rest of the CV analysis proceeds as summarized in steps 2 through 5 of section 1.5. Step 6
is replaced with the following calculation, which accounts for the fact that the dimension of z−p is
dp = mpy + qpu:

6. Using the first nmax columns of V , compute the estimated state vectors for t = p+1 to N+1:

x̂t = V (1:dp, 1:nmax)
T[Cpp]

−1
L z−t (2.17)

The least-squares parameter estimation for input-output modeling involves several additional
sample covariance matrices that account for the inputs and their correlations with the estimated
state vectors. Steps 7 to 9 in section 1.5 are replaced with the following:

7. Compute the sample covariances for the output and input time series:

Cyy = S(yt,yt) (2.18)

Cuu = S(ut,ut) (2.19)

Cyu = S(yt,ut) (2.20)

8. Compute the following sample covariance matrices and model parameter matrices for model
orders n = 1 to nmax, with In denoting the n× n identity matrix:

Cn
yx = S(yt, x̂

n
t ) (2.21)

Cn
xx = S(x̂n

t , x̂
n
t ) (2.22)

Cn
x1x = S(x̂n

t+1, x̂
n
t ) (2.23)

Cn
x1y = S(x̂n

t+1,yt) (2.24)

Cn
xu = S(x̂n

t ,ut) (2.25)

Cn
x1u = S(x̂n

t+1,ut) (2.26)

M =

[
In Cn

xu

CnT
xu Cuu

]
(2.27)

[Hn Dn] = [Cn
yx Cyu]M

−1 (2.28)

[Φn Bn] = [Cn
x1x Cn

x1u]M
−1 (2.29)

Cn
ee = Cyy − [Hn Dn]M [Hn Dn]T (2.30)

Gn = (Cn
x1y − [Cn

x1x Cn
x1u][H

n Dn]T) (Cn
ee)

−1 (2.31)
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9. For model orders n = 1 to nmax, compute the innovations for t = p + 1 to N . The initial
condition is

xn
p+1 = x̂n

p+1 (2.32)

and the recursion is

ent = yt −Hnxn
t −Dnut (2.33)

xn
t+1 = (Φn −GnHn)xn

p + (Bn −GnDn)ut +Gnyt (2.34)

For input-output modeling, step 11 is replaced by the following, to account for the additional
parameters involving inputs:

11. Compute the AIC statistics for model order n = 0 to nmax:

AIC(n) = (N − p) loge det(C
n) + 2(nq + 2mn+mq +m(m+ 1)/2) (2.35)

2.3 Modeling Rank-deficient Processes

A process is numerically rank-deficient when at least one of the sample covariance matrices, Cpp

and Cff , has a zero or extremely small positive eigenvalue. Rank deficiency occurs when part of
a process can be predicted linearly with no error (or very little error) from observations of some
other part of the process. For example, yt may be a scalar process consisting of a sinewave having a
known frequency. All values of this signal can be predicted from just two consecutive observations,
because the signal satisfies a 2nd-order linear difference equation. Another example of numerical
rank deficiency is a time series which is the output of a digital filter that has multiple zeros at the
folding frequency. Such filters are sometimes used for antialiasing.

The rigorous way of extending the baseline CV algorithm to deal with rank-deficient processes
is straight forward: (1) replace the Cholesky decomposition by an alternative decomposition (such
as one using the singular value decomposition) that works even if an eigenvalue of Cpp or Cff is
very small; and (2) replace all matrix inverses with Moore-Penrose pseudo inverses. This rigorous
extension of the baseline CV algorithm will increase the computational requirements.

A simpler way of dealing with rank-deficient processes is to simply add a very small amount
of white noise to the observations before starting the modeling process. This approach makes the
process full-rank and has a clearly understood effect on the resulting model that is easy to assess.

2.4 Pooling Multiple Time Series

The CV modeling algorithm is easily extended to the combining, or pooling, of information from
multiple time series that are to be modeled by a single process. For example, when bad data
are removed from a time series, the resulting data set consists of multiple time-series fragments.
Another need for pooling occurs when many time series can be collected from a process, but each
series is short compared to the period of the lowest frequency at which the process is to be modeled.
Then it is necessary to pool these short time series to obtain enough data to model the process at
the lowest frequencies of interest.

The pooling of multiple time series is straight forward. Suppose there are ns time series in the
pool of data. The sample covariances between the local past and future, for the kth time series, are
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Figure 2.2: Power spectra of true model (dashed), estimated model (solid) derived from pooled time series,
and Welch-FFT method (dotted).

denoted Cpp(k), Cfp(k), and Cff (k). The number of outer products that are summed to compute
each of these covariance matrices for the kth time series is denoted Nk. Then the pooled covariances,
which are to used in the CV analysis, are computed by summing the covariances for each series:

Nall =
ns∑
k=1

Nk (2.36)

Cpp =
1

Nall

ns∑
k=1

NkCpp(k) (2.37)

Cfp =
1

Nall

ns∑
k=1

NkCfp(k) (2.38)

Cff =
1

Nall

ns∑
k=1

NkCff (k) (2.39)

A similar Equation is used to compute the innovation covariance matrix Cn for the model with n
state variables:

Cn =
1

Nall

ns∑
k=1

NkC
n(k) (2.40)

The reaches of the local past and local future, p and f , are chosen to be compatible with the
length of the shortest time series in the pool, i.e., p + f < Nmin, where Nmin is the number of
vectors in the shortest time series.

An example of pooling is illustrated in Fig. 2.2. Three power spectra are compared: the dashed
curve is the spectrum of the true model; the dotted curve is the spectrum estimate obtained
using the Welch FFT-based algorithm working on a single 1500-point time series divided into
nonoverlapping 64-point segments; and the solid curve is the spectrum of the state-space model
obtained by pooling the collection of short time series obtained by cutting the 1500-point series
into 30 nonoverlapping pieces, each 50 points long. The correlation time of the process generating
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the time series is 100 samples, which is consistent with the corner frequency of the true spectrum
at 1/(2π100) = 1.59 × 10−3 cyc/samp. The Welch method working with 64-point segments can
not resolve the low-frequency behavior of the process, because the segments are shorter than the
correlation time. However, the CV algorithm yields an accurate state-space model, in spite of
the fact that short 50-point time series were used, because the information in the pool of time
series spanning 15 correlation times is effectively combined. It should be noted that the pooling
algorithm does not require that the short time series originate from a single long realization. There
is no assumed continuity of sample paths between the time series forming the data pool.

2.5 Software

The MATLAB software provides the following capabilities:

Time Series =⇒ State-Space Model Functions that implement the baseline CV modeling al-
gorithm

Time Series =⇒ Whitened Time Series Functions that use a state-space model to whiten
time series and compute innovations covariance matrices

Whitened Time Series =⇒ Gaussian Log-likelihood A function for computing the log-likelihood
of a Gaussian state-space model, given a whitened time series

Time Series =⇒ Short-Term Power Spectra Functions that compute and display, in three-
dimensions, the temporal evolution of short-term power spectra

State-Space Model =⇒ State-Space Model Functions that convert a state-space model in one
form into an equivalent model in a different form. Functions that compute reduced-order
approximations of state-space models in innovations form, and functions that convert back
and forth between discrete-time and continuous-time models

State-Space Model =⇒ Power Spectra and Spectral Coherence Functions that compute and
plot the power spectra, spectral coherencies, group delays, and phase lags of processes from
their state-space models

State-Space Model =⇒ Lagged Covariances A function that computes the lagged covariance
sequence of a process from its state-space model

Lagged Covariances =⇒ State-Space Model A function that computes the parameters of a
state-space model from a lagged covariance sequence

State-Space Model =⇒ Discrimination Information Functions that compute the informa-
tion rate for discriminating against an incorrect state-space model, given the correct model.

2.6 Topics for Future Research

Several topics for future research in CV modeling that appear to be especially promising are dis-
cussed in the sections 2.6.1 to 2.6.5
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2.6.1 Generalized Local Past and Future

Consider a modeling problem in which extremely long time series are available. The accuracy of
the CV modeling algorithm is then determined by how large one allows the reaches of the local past
and local future to be. The larger these reaches, the greater the accuracy. (Of course, once the
reaches are large enough, increasing them produces very little accuracy improvement. For example,
once the reaches exceed the longest correlation time of a process, the reaches are as large as they
need to be for most applications.)

Suppose that an observed process has a very long correlation time, e.g., because it contains
significant narrow-band signals. Then a very long reach is needed for the highest accuracy modeling.
But this means that the dimensions of the covariances involving the local past and future will be
correspondingly large, which in turn means that a very large amount of computation is needed to
compute these covariances. By generalizing the definitions of the local past and future, as described
below, it is possible to provide very large reaches with relatively small dimensions for the covariances
of the past and future.

Output modeling will be discussed for simplicity. The generalization of this discussion to input-
output modeling is straight forward. As is appropriate in most applications, let the reaches of the
local past and future be equal (p = f). Because the local past and future are defined by Eqs. 1.6
and 1.7, the dimensions of the local past and future are equal to each other and proportional to
the reach p:

dim = mp (2.41)

where m is the dimension of each vector in the time series. Therefore, when the reach is doubled,
so are the dimensions of the covariance matrices between the past and future. The proportionality
between dimension and reach in Eq. 2.41 can be avoided by generalizing the definitions of the local
past and future, which will be explained by a simple example.

In this example, the desired reach is p = 100. The conventional way of defining the local past
uses 100 consecutive past observations:

z−t :=


yt−1

yt−2
...

yt−100

 (2.42)

which is a 100m × 1 matrix. Now consider a generalization of the local past based on progressive
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averaging of consecutive past observations:

z−t :=



yt−1

yt−2
...

yt−10∑12
k=11 yt−k∑14
k=13 yt−k

...∑20
k=19 yt−k∑25
k=21 yt−k∑30
k=26 yt−k∑40
k=31 yt−k∑50
k=41 yt−k∑70
k=51 yt−k∑100
k=71 yt−k



(2.43)

This is a 21m× 1 matrix, which is nearly 1/5th the size of the vector in Eq. 2.42. Each summation
in Eq. 2.43 is a lowpass operation on part of the data within the reach of the local past. The
summations extend over progressively larger domains, and the resulting lowpass filtering becomes
more extreme, for samples further into the past. The idea behind this is that, for the purposes
of predicting the future, only the lower-frequency part of the distant past is relevant. The high
frequency part of the distant past is not expected to contribute significantly to future behavior for
most processes. A similar line of reasoning leads to a similar generalization of the local future:

z+t :=



yt

yt+1
...

yt+9∑11
k=10 yt+k∑13
k=12 yt+k

...∑19
k=18 yt+k∑24
k=20 yt+k∑29
k=25 yt+k∑39
k=30 yt+k∑49
k=40 yt+k∑69
k=50 yt+k∑99
k=70 yt+k



(2.44)

which is also a 21m× 1 matrix.
This approach to generalizing the local past and future raises a number of questions that future

research could answer. For example, what are good rules for choosing the summation limits and
number of summations? What is a practical approach to optimizing these selections with respect to
a reasonable performance objective? How much of a computational advantage does this approach
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realize for selected representative processes that are typical of specific types of data encountered in
current applications?

The above method of extending the reach of the local past and future is effective for those time
series in which progressively lower-frequency components are significantly correlated with each
other over progressively larger time spans. However, there are time series in which narrowband
components have long-range correlations. In this case, the lowpass filtering used above is expected
to be less effective than an appropriate bandpass filtering. These thoughts lead to several questions
for future research. How should the definition of the local past and future be tailored to the
properties of the time series? Viewing the local past and future as linear functions of the observed
data, what is an effective algorithm for determining the impulse responses of these functions. How
can the definition of the local past and future be formulated as a least-squares problem that leads
to a useful optimal solution?

2.6.2 Nongaussian State-Space Models

The baseline CV algorithm selects, from the candidate models being considered, that state-space
model which is expected to have the largest Gaussian likelihood on time series that are independent
of the one used for modeling. The algorithm can be generalized by enlarging the set of candidate
models to include ones with nongaussian innovations. An example of the benefits of doing this,
when the time series consists of the sum of a Gaussian process plus an outlier process, is given in
[7].

This generalization of the baseline CV algorithm is easy to implement, because the linear
dynamics of the models is being retained. Only the set of hypothesized distributions for the
innovations is being enlarged. Every step in the baseline algorithm is retained, but some additional
AIC statistics are computed during the last stage of selecting a model. For example, to handle
time series having outliers that produce innovations with heavy tails, an AIC statistic for Cauchy-
distributed innovations may be computed in addition to the Gaussian AICs already being computed.

2.6.3 Nonlinear State-Space Models

The linear state-space model structure defined by Eqs. 1.3 to 1.5 can be extended to polynomial
nonlinearities. The baseline CV algorithm remains largely unchanged, except for the definition of
the local past, which is defined using polynomial functions of the observed data. This nonlinear
local past usually has a much larger dimension than a linear local past having the same reach.
Therefore, the use of progressive filtering, as described in section 2.6.1, to reduce the dimension of
the local past, may be extremely useful for nonlinear modeling. It is also likely that the extension
to nongaussian innovations described in section 2.6.2 will also be appropriate to use in combination
with nonlinear dynamics.

2.6.4 Updating Model Parameters

In some applications, it is appropriate to model a time series as coming from a time-varying process.
In many cases, the time variations are slow enough to justify the use of a sequence of local time-
invariant models. Each model represents the behavior of the data in a subsequence of the time
series. The time series is divided into segments that may, or may not, overlap with each other. Then
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a separate state-space model is computed for each segment. This approach leads to a sequence of
models with each one being determined independently of the others.

Instead of the above discrete approach to updating the model parameters, an incremental
approach may be better in some applications. An incremental approach may use less computing
and may be more accurate when the process being modeled evolves smoothly. Future research is
needed to develop algorithms for incremental updating of model parameters.

2.6.5 Modeling Processes With Deterministic Components

An example of a time series with a deterministic component is

yt = A sin(2πf0t+ θ) + vt (2.45)

where vt is white noise, and the sinewave has three parameters: A is the amplitude; f0 is the
frequency; and θ is the phase. If the sinewave parameters are known, then the sinewave is a
deterministic component. Even when the sinewave parameters are modeled as random variables,
the sinewave is a deterministic waveform on each sample path, because the random parameters of
the sinewave are independent of time.

To pursue the idea of deterministic components in more detail, the following model is considered:
the sinewave parameters A and θ are independent random variables and are independent of the
noise; the amplitude A has zero mean and unit variance; the noise vt has unit variance; the frequency
f0 is known; and the phase θ is uniformly distributed on the interval [0, 2π). Then the power
spectrum of yt is Syy(f) for |f | ≤ 1/2:

Syy(f) =
1

2
δ(f − f0) +

1

2
δ(f + f0) + 1 (2.46)

where δ(f − f0) is a delta function at f = f0. This power spectrum has two delta functions.
But finite dimensional state-space models have power spectra given by rational functions that
can not represent delta functions. Therefore, this process can not be represented exactly, for
t = . . . ,−2,−1, 0, 1, 2, . . ., by a state-space model having a finite number of states. However,
we can represent the process by a state-space model for t = 1, 2, . . . by introducing appropriate
random initial conditions for the model. The delta functions arise because of the sinewave, and the
sinewave is the solution of a time-invariant linear difference equation. Therefore, by defining the
initial states of the model to be random variables with appropriate means and covariances, we can
exactly represent 2nd-order consequences of the random sinewave parameters A and θ.

Although the above example concerns a sinewave, deterministic components may also take the
form of ramps, parabolas, higher-degree polynomials, damped exponentials, etc. In each case, the
deterministic component can be modeled as the solution of a finite-dimensional system of difference
equations in state-space form, with appropriate random initial conditions on the state vector.

This discussion has shown that the modeling of deterministic components in a time series
involves the selection of appropriate initial conditions. In the case of modeling for power spectrum
estimation, an appropriate mean vector and covariance matrix for the initial state vector in the
model should be specified. The baseline CV algorithm does not address this problem. Therefore,
this is a significant topic for future research. A recent paper [2] discusses a solution to this problem
for the class of autoregressive models.



Chapter 3

Applications of State-Space Models

This chapter surveys a variety of important applications for state-space models. The intention is
to describe briefly the nature of each application and to provide key definitions and algorithms.

3.1 Estimation of Power Spectra and Covariances

For a stationary zero-mean discrete-time vector process yt, the power spectral density matrix Syy(f)
(which contains the autospectra and cross-spectra) and the covariance sequence Cyy(t) (which
contains the autocorrelations and the lagged covariances) are defined as follows for frequencies
−1/2 < f ≤ 1/2 and lags t = . . . ,−2,−1, 0, 1, 2, . . .:

Syy(f) :=
∞∑

t=−∞
Cyy(t)e

−i2πft (3.1)

Cyy(t) := Eyky
T
k−t (3.2)

where E denotes expectation. In theory, the correlation sequence can be computed from the power
spectrum as follows:

Cyy(t) =

∫ 1/2

−1/2
Syy(f)e

i2πtf df (3.3)

However, if the parameters of a state-space model (Φ,G,H,C) are known (e.g., by using the
CV modeling algorithm), then the power spectrum and covariance sequence can be computed alge-
braically. In fact, this is usually the preferred method of estimating power spectra and covariances
from short time series.

First the CV algorithm is used to develop a state-space model from the time series. Then the
power spectrum and covariance sequence of the model are used as estimates. The advantage of
this approach, for short time series, is that much more accurate estimates are obtained, because far
fewer parameters are estimated. Furthermore, the resolution of the spectral estimate is not limited
by the assumption of periodicity that is inherent in the FFT approaches. Finally, the model-
based approach produces both the desired estimates and also a model for the process. This model
is frequently crucial to the optimal solution of related estimation, detection, and classification
problems. The model can also be used to generate simulated data for testing algorithms with
realistic data having known statistical properties. Several of these topics are discussed in later
sections.

21
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3.1.1 Power Spectra

For the state-space model given by Eqs. 1.3 to 1.5, the power spectrum is computed at any nor-
malized frequency f as follows:

Syy(f) = T(ei2πf )CT(ei2πf )H (3.4)

where the superscript H denotes a complex conjugate transpose, and the transfer-function matrix
is

T(z) = H(zIn − Φ)−1G+ Im (3.5)

In Eq. 3.5, In is the nth-order identity matrix, n is the number of state variables in the model, and
m is the dimension of the vector yt.

An example of estimating power spectra from vector time series will now be discussed. This
discussion will include a comparison of the CV state-space approach with the classical Welch-FFT
approach to spectrum estimation. The data used in this example form a time series generated
by a state-space process having known properties. The process is defined by specific state-space
parameters (m,n,Φ, G,H,C), where n = 4 state variables and m = 2 outputs. This model is used
to generate a vector times series 4096 time steps in length. The number 4096 is chosen, because a
classical FFT-based technique for spectrum estimation will be considered, and an integer power of
2 favors the use of FFTs.

The baseline CV algorithm, with a local past and local future of p = f = 20, is used with a limit
of nmax = 6 state variables. The resulting estimated model parameters, (m,n′,Φ′, G′,H ′, C ′), are
then used with Eqs. 3.4 and 3.5 to compute the power spectral density matrix of the process defined
by this model for selected frequencies. The autospectra are diagonal entries of the spectral density
matrix, and the cross spectra are off-diagonal entries. In Fig. 3.1 the estimated auto spectra (solid
curves) are compared with the true auto spectra (dashed curves). The small errors in the estimated
spectra confirm that the CV algorithm has accurately modeled the process which generated the
time series.

The accuracy of the CV-based estimates of the cross spectra is depicted in Fig. 3.2, which
compares the estimated squared coherence (solid) between channels 1 and 2 with the true coherence
(dashed). The squared coherence Cjk(f) between channels j and k of a vector process is a function
of frequency f and is defined as follows:

Cjk(f) =
|Sjk(f)|2

Sjj(f)Skk(f)
(3.6)

where Sjk(f) is the cross-spectral density between channels j and k at frequency f . The squared
coherence takes values on the unit interval. The integral∫ 1/2

−1/2
Cjk(f) df

is the fraction of total variance in process j that can be explained by an optimal linear transforma-
tion of process k. Because of symmetry, j and k can be interchanged in this interpretation. The
high accuracy of the CV-based coherence estimate is evident from Fig. 3.2.

The advantage of CV model-based spectral estimation over nonparametric FFT-based estima-
tion is clear by comparing Figs. 3.1 and 3.2 with the results of using the Welch-FFT algorithm,
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Figure 3.1: Comparison of true (dashed) and estimated (solid) auto spectra for channels 1 and 2, based on
CV modeling.
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Figure 3.2: Comparison of true (dashed) and estimated (solid) squared coherence between channels 1 and
2, based on CV modeling.
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Figure 3.3: Comparison of true (dashed) and estimated (solid) auto spectra for channels 1 and 2, based on
Welch-FFT method.
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Figure 3.4: Comparison of true (dashed) and estimated (solid) squared coherence between channels 1 and
2, based on Welch-FFT method.
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which are shown in Figs. 3.3 and 3.4. In applying the Welch algorithm, nonoverlapping 512-
point data segments are used. The two methods of spectral estimation have similar trends, but the
FFT-based estimate is much noisier.

3.1.2 Covariance Sequences

The covariance sequence has the property that, for all integer lags t,

Cyy(−t) ≡ Cyy(t)
T (3.7)

Therefore, an algorithm is given for computing the sequence for nonnegative lags only. The covari-
ances for negative lags can be computed using Eq. 3.7.

For the state-space model given by Eqs. 1.3 to 1.5, the steady-state lagged covariance sequence
Cyy(t) for t ≥ 0 is computed in three stages. In this section, the state sequence xt is modeled as
having zero mean. The first stage is to compute the steady-state zero-lag state covariance matrix

Cxx := Extx
T
t (3.8)

This covariance matrix satisfies the discrete-time Lyapanov equation

Cxx = ΦCxxΦ
T +GCGT (3.9)

A simple, but not necessarily efficient, procedure for computing the steady-state covariance is to
use successive approximations: set C1

xx = In; and then, for k = 1, 2, . . .

Ck+1
xx = ΦCk

xxΦ
T +GCGT (3.10)

The iterations stop when either a matrix norm of the difference Ck+1
xx −Ck

xx is less than some accuracy
threshold, or the number of iterations has reached a predetermined limit. It should be noted that
not all state-space models have steady-state state covariances. For example, some systems are un-
stable, and in others not all states are correlated with the innovations process. There are advanced
techniques for solving Eq. 3.9 that are computationally much more efficient (and much more com-
plex) than using successive approximations. An example is the “dlyap” function in the MATLAB
Control Toolbox, which provides the desired covariance matrix directly: Cxx =dlyap(Φ, GCGT).

The second stage is to compute the lagged state covariance sequence, Cxx(t), and the lagged
covariance between the state vector and the innovations vector, Cxe(t) := Ext+t′e

T
t′ , for lags t =

1, 2, . . .. For the first lag,

Cxx(1) = ΦCxx (3.11)

Cxe(1) = GC (3.12)

For all subsequent lags, with t = 1, 2, . . .,

Cxx(t+ 1) = ΦCxx(t) (3.13)

Cxe(t+ 1) = GCxe(t) (3.14)

The third stage is to compute the lagged covariance sequence of the observed process, Cyy(t),
for lags t = 0, 1, 2, . . .:

Cyy(0) = HCxxH
T + C (3.15)

Cyy(t) = HCxx(t)H
T +HCxe(t) (3.16)
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Figure 3.5: Comparison of true (dashed), model-based (solid), and nonparametrically estimated (dotted)
lagged covariance sequences.

As an example of applying this algorithm, a long time series (from a first-order process having
a correlation time of 100 samples) was cut into thirty short time series, each 50 samples long. A
state-space model was then computed using the pooling approach in section 2.4, and the covariance
sequence of the resulting model was computed using the above covariance algorithm. The covariance
sequence of the true process was also computed and plotted for comparison with the empirically
estimated covariance sequence in Fig. 3.5. The true (dashed) and model (solid) sequences are
in close agreement. In contrast, the classical nonparametric estimate of the covariance sequence
(dotted), which was computed from the original long time series of 1500 samples, has relatively
low accuracy. The classical estimate is poor, because the data are highly colored, and because the
number of parameters being estimated is comparable to the number of data in the time series.

3.2 State-Space Representations and Reduced-Order Modeling

The lagged covariance sequence of a process may be known, e.g., from a theoretical analysis or a
previous modeling effort. How can a state-space model be developed from this covariance sequence?
This is the problem of developing a state-space representation for the process from its covariance
behavior. For some processes, a finite-dimensional state-space representation does not exist. In such
cases, an approximate model is sought. Even if a state-space model exists that exactly represents
the given covariances, a reduced-order approximation to this model may be needed. For example,
a computationally constrained application may require that the state-space model contain no more
than 5 state variables, but the original model has 10 state variables.

The baseline CV modeling algorithm is easily modified to use a finite lagged covariance sequence,
Cyy(t) for t = 0, 1, 2, . . . , tmax, as input data, instead of a time series yt. The algorithm modification
consists in using the given values for Cyy(t) to construct the covariance matrices Cpp, Cfp, Cff for
the local past and future, instead of the use of sample covariances in the baseline algorithm. This
is straight forward and has been implemented in a MATLAB function called “ssmc.”

The CV algorithm automatically develops a complete family of models having from 0 to nmax

state variables. Each model is optimal for the number of state variables it uses, where optimality



james.v.white@gmail.com 27

is defined as minimizing the cost functions described in Appendix A. Therefore, the selection of
a reduced-order model is straight forward: that model having the acceptable number of states
is selected from the family of candidates. The differences between this selected model and other
models can be analyzed by computing and then comparing power spectra and covariance sequences
for the models of interest.

3.3 Data Simulation

State-space models are easily used to generate time series. The resulting simulated data are useful
for testing algorithms and for performing Monte Carlo simulations. The data generation algo-
rithm presented here produces realizations of a Gaussian process having the state-space parameters
(Φ,G,H,C). More precisely, the algorithm computes a time series {yt}Nt=1 consisting of N vectors
that satisfy the following state equations with a given initial state vector:

xt+1 = Φxt +Get (3.17)

yt = Hxt + et (3.18)

C = cov(et) (3.19)

The algorithm consists of the following steps:

1. Select the state-space model of interest, (Φ, G,H,C)

2. Select the input parameter N , which is the number of output vectors to be generated

3. Select an initial n× 1 state vector x1. In many applications, an appropriate choice is x1 = 0

4. Compute the sequence of states and output vectors, xt+1 and yt, for t =1, 2, . . ., using equa-
tions 3.17 and 3.18, in which the et’s are independent zero-mean Gaussian m–vectors having
covariance matrix C. These vectors can be computed as et = [C]Lnt, where [C]L is the left
Cholesky factor of C (i.e., C ≡ [C]L[C]TL), and {nt} are independent gaussian m–vectors with
covariance matrix Im.

3.4 Kalman Filtering

A Kalman filter is a recursive algorithm for computing the expected values of the state variables
and their covariance matrices, conditioned on the observed time series, given a linear Gaussian
state-space model for the observations. Section 3.4.1 describes how a master state-space model
can be constructed for time series that are linear combinations of already-modeled subprocesses,
each having an innovations-form state-space representation. The resulting master model is in
an augmented state-space form, not an innovations form. In section 3.4.2, the Kalman filtering
equations are given for this augmented form of model.

3.4.1 State-space Models for Noisy Observations

The purpose of this section is to develop a state-space notation for noisy observations. The observed
time series are modeled as linear combinations of processes for which innovations-form models have
already been determined.
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Suppose that a sensor (having m output channels) observes a linear transformation of a vector
process y′

t having the state-space parameters (Φ′,G′,H ′,C ′). The sensor output is noisy and may
contain interfering signals. Let process y′′

t denote this possible combination of noise and interfering
signals, and let the state-space parameters of y′′

t be (Φ′′,G′′,H ′′,C ′′). Then the sensor observations
can be modeled as the following m-dimensional process:

zt = L′y′
t + L′′y′′

t (3.20)

where matrix L′ is m×m′, vector y′
t is m

′×1, matrix L′′ is m×m′′, and vector y′′
t is m′′×1. Each

process can be expressed in terms of its own state vector and innovations process:

zt = L′H ′x′
t + L′′H ′′x′′

t + L′e′t + L′′e′′t (3.21)

where matrix H ′ is m′×n′, vector x′
t is n

′×1, matrix H ′′ is m′′×n′′, vector e′t is m
′×1, and vector

e′′t is m′′ × 1. To simplify Eq. 3.21 and reduce it to a standard state-space form, the matrices H
and J are defined:

H :=
[
L′H ′(m× n′) L′′H ′′(m× n′′)

]
(3.22)

J :=
[
L′(m×m′) L′′(m×m′′)

]
(3.23)

where matrix H is m × n, matrix J is m ×m12, and the number m12 := m′ +m′′. Now Eq. 3.21
can be rewritten as

zt = Hxt + Jnt (3.24)

where the state and noise vectors are defined as follows:

xt :=

(
x′
t

x′′
t

)
(3.25)

nt :=

(
e′t
e′′t

)
(3.26)

It is straight forward to verify that these state and noise vectors satisfy the following state
equation

xt+1 = Φxt +Gnt (3.27)

where the transition matrix and gain matrix are defined as follows:

Φ :=

[
Φ′(n′ × n′) 0(n′ × n′′)
0(n′′ × n′) Φ′′(n′′ × n′′)

]
(3.28)

G :=

[
G′(n′ ×m′) 0(n′ ×m′′)
0(n′′ ×m′) G′′(n′′ ×m′′)

]
(3.29)

C :=

[
C ′(m′ ×m′) 0(m ×m′′)
0(m′′ ×m′) C ′′(m′′ ×m′′)

]
(3.30)

A general state-space model for sensor data has been derived. For comparison with the
innovations-form Eqs. 1.3 to 1.5, the state equations for noisy observations are reproduced here:

xt+1 = Φxt +Gnt (3.31)

zt = Hxt + Jnt (3.32)

C = cov(nt) (3.33)
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There is just one important difference between these equations and the innovations-form equations
used previously in this document: the output equation has the output gain matrix J multiply-
ing nt. Therefore, these are not innovations-form equations. Nevertheless, they are a compact
representation that is suited for solving optimal filtering, detection, and classification problems.

3.4.2 Kalman Filtering Algorithm

Let xt denote the actual state of the observed process at time t and let Zt :=(z1,z2,. . .,zt) denote
all observed vectors up to, and including, the current time. The optimal Kalman filter for the
observed process is a recursive algorithm for computing the following conditional expected values
when the process nt is Gaussian white noise. All of the following expected values are conditioned
on observing Zt.

• The expected value of the current state vector, which is denoted x+
t := Ext|Zt

• The expected value of the next state vector, which is denoted x−
t+1 := Ext+1|Zt

• The covariance matrix of the current state vector, which is denoted P+
t := E(xt − x+

t )(xt −
x+
t )

T|Zt

• The covariance matrix of the next state vector, which is denoted P−
t+1 := E(xt+1−x−

t+1)(xt+1−
x+
t+1)

T|Zt

For initial conditions at time t = 1, the Kalman filter is given the initial expected state vector,
x−
1 , and the initial state covariance matrix, P−

1 . The filter is also given the model parameters
(Φ,G,H,J ,C).

A Kalman filtering algorithm for observations modeled by Eqs. 3.31 to 3.33, which is based on
[10], consists of the following two steps:

1. Compute the constant matrices M , L, and T :

M = Φ−GCJT(JCJT)−1H (3.34)

L = G[C − CJT(JCJT)−1JC]GT (3.35)

T = GCJT(JCJT)−1 (3.36)

2. For t = 1, 2, . . ., compute the filter’s innovation vector et, its innovation covariance Ct, and
the Kalman gain matrix Kt:

et = zt −Hx−
t (3.37)

Ct = HP−
t HT + JCJT (3.38)

Kt = P−
t HTC−1

t (3.39)

Compute the updated state mean x+
t and covariance matrix P+

t :

x+
t = x−

t +Ktet (3.40)

P+
t = P−

t −KtHP−
t (3.41)
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Compute the propagated state mean x−
t+1 and covariance matrix P−

t+1:

x−
t+1 = Mx+

t + Tzt (3.42)

P−
t+1 = MP+

t MT + L (3.43)

It is worth noting that the covariance-type quantities (Ct,Kt,P
+
t , P−

t ) can be computed before
the observations, zt, are available. This is useful when the accuracy of a proposed filter is being
studied prior to its deployment. Also, these quantities can be precomputed so that the computations
are minimized while the observations are processed.

3.5 Optimal Detection and Classification

This section describes how detection and classification problems can be formulated and solved
within a probabilistic state-space framework. Although individual hypotheses may be represented
by gaussian state-space models, mixtures of these models can be used to model extremely nongaus-
sian states of uncertainty. As long as the mixtures are composed of gaussian state-space building
blocks, the optimal solution to detection and classification problems can be computed without
approximation using Kalman filtering.

3.5.1 Probabilistic Formulation

Suppose that a vector time series zt is observed for t =1,2,. . .,N . Also suppose that there are q
hypotheses about the time series. According to the first hypothesis, H1, the time series is generated
by a state-space model with parameters (Φ1,G1,H1,C1). According to the second hypothesis, H2,
the time series is generated by another state-space model with parameters (Φ2,G2,H2,C2), and so
on for all q hypotheses. In this formulation, the time series is considered to be generated by exactly
one of these hypotheses. In a classification problem, the objective is to decide which hypothesis
generated the time series. In a detection problem, a choice between just two possibilities is made.
For detection, either there are just two hypotheses or the hypotheses are partitioned into two sets.
One set consists of null hypotheses regarding the absence of target signals, while the other set
consists of hypotheses about the presence of target signals. The detection problem is a special case
of the classification problem. Therefore, the classification problem is discussed in the remainder of
this section.

An optimal classifier is an algorithm that computes the posterior probability of each hypothesis,
given the observations, and then makes a decision that maximizes the expected value of a utility
function. The utility function is selected to represent the relative usefulness of different decisions,
including the costs (negative utilities) of different types of incorrect decisions. The utility function,
U(D,H), assigns a real number to each pair (D,H), whereH denotes that hypothesis which actually
generated the observations, and D denotes the decision that was chosen by the decision rule in the
classifier. In this discussion we consider d possible decisions. The utility function can be any
real-valued function defined for all possible pairs of D and H. Since the hypotheses are numbered
from 1 to q, and the decisions are numbered from 1 to d, the variables H and D take these same
integer values, e.g., H = 3 and D = 4 means that the third hypothesis generated the observations,
but they were classified using the fourth decision. Therefore, without loss of generality, the utility
function can be represented by a d×h matrix U , where U(j, k) is the utility of decision j when the
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data are generated by hypothesis k. The expected utilities of all possible decisions are represented
by a column matrix Ū , in which Ū(j) is the expected utility of the jth decision. The matrix Ū is
computed using the column matrix p of posterior probabilities for the hypotheses:

Ū = Up (3.44)

where p(k) = Pr(Hk|ZN ). The optimal classification decision is D = j, where

j = arg max
k∈{1,2,...d}

Ū(k) (3.45)

As an example of a utility function, consider the case in which there are as many decisions as
there are hypotheses, and the kth decision is to classify the data as coming from the kth hypothesis.
The matrix U = I states that each correct decision yields one unit of utility, and each incorrect
decision yields zero utility. There is nothing in this utility function to distinguish one incorrect
decision from another. This utility function yields the decision rule to choose that hypothesis which
has the highest posterior probability. This utility function also minimizes the probability of error.

To compute the posterior probabilities of the hypotheses, Pr(Hk|ZN ) for k = 1 to q, Bayes’s
rule is used:

Pr(Hk|ZN ) =
ℓk Pr(Hk)

normalizing constant
(3.46)

where Pr(Hk) is the prior probability of the kth hypothesis, and ℓk is the likelihood of the kth
hypothesis. The likelihood is defined to be that number which is obtained by substituting the
particular time series at hand into the joint probability density of the observations under the
hypothesis that the time series was generated by the kth model:

ℓk := p(ZN |Hk) (3.47)

The normalizing constant in Eq. 3.46 is chosen so that the posterior probabilities sum to unity.
The likelihoods tend to be either very large or very small numbers, which may cause overflow

and underflow during computations. Therefore, log-likelihoods are computed in practice, and a
logarithmic version of Bayes’s rule is used instead of Eq. 3.46. The log-likelihoods are all shifted
prior to exponentiation to avoid underflow or overflow. (This shifting corresponds to multiplicative
scaling of the likelihoods, which is always permissible, because the normalizing constant is selected
as the last step in the computations.) The recommended version of Bayes’s rule is as follows, for
k = 1 to q:

Lk := log ℓk − max
j∈{1...q}

log ℓj (3.48)

Pr(Hk|ZN ) =
exp(Lk) Pr(Hk)

normalizing constant
(3.49)

The prior probabilities are selected based on the physical interpretation of each hypothesis
and its relation to the alternative hypotheses. There is no automatic way of choosing the priors,
because they contain important information about the hypotheses before the current data set is
processed. The priors are usually chosen so that, in the event that the time series at hand turns
out to be invalid (e.g., because of a sensor failure), the priors are a reasonable representation of our
uncertainties about the hypotheses.
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3.5.2 Optimal Classifier Algorithm

An optimal classifier algorithm is presented in this section for the important case where each
hypothesis is a Gaussian state-space model. This applies to a large class of problems, because
Gaussian mixtures can accurately represent prior uncertainties that are extremely nongaussian.
The most interesting parts of the optimal classifier are the log-likelihood computations. These can
be efficiently implemented using q Kalman filters, one filter for each hypothesis, as explained in
[11].

The idea behind using a Kalman filter to compute the likelihood of a Gaussian state-space model
is straight forward. It is based on numbers called incremental likelihoods that can be computed
efficiently by using the Kalman filter. To see this, the likelihood of the kth model, given the time
series ZN =(z1, z2, . . . , zN ), is written in terms of incremental likelihoods of the form p(zj |Zj−1,Hk):

p(ZN |Hk) ≡ p(zN ,ZN−1|Hk) (3.50)

p(ZN |Hk) ≡ p(zN |ZN−1,Hk)p(ZN−1|Hk) (3.51)

p(ZN |Hk) ≡ p(zN |ZN−1,Hk)p(zN−1|ZN−2,Hk)p(ZN−2|Hk) (3.52)

p(ZN |Hk) ≡ p(zN |ZN−1,Hk)p(zN−1|ZN−2,Hk) . . .

p(z2|Z1,Hk)p(z1|Hk) (3.53)

By defining the incremental log-likelihood of the kth hypothesis at time t,

it(k) := log p(zt|Zt−1,Hk) (for t > 1)
i1(k) := log p(z1|Hk) (for t = 1)

(3.54)

the logarithm of the kth likelihood can be written as follows:

log ℓk ≡ log p(ZN |Hk) =
N∑
t=1

it(k) (3.55)

The Kalman filter for the kth hypothesis is used to compute the incremental log-likelihoods in this
sum, as explained in the following.

The Kalman filter computes the one-step-ahead expected value of the state vector, x−
t , and its

covariance matrix, P−
t , given the previous observations, Zt−1. From these quantities, the condi-

tional expected value and covariance of zt, given Zt−1, is computed (where the fact is used that et
is Gaussian white noise with covariance Ck):

Ezt|Zt−1 = Hkx
−
t (3.56)

cov(zt|Zt−1) = HkP
−
t HT

k + JkCkJ
T
k (3.57)

On the basis of these expressions, the incremental log-likelihood of the kth Gaussian hypothesis
can be written as follows:

it(k) = −1

2
log det(2πCzz,t)−

1

2
(zt −mt)

TC−1
zz,t(zt −mt) (3.58)

mt := Ezt|Zt−1 (3.59)

Czz,t := cov(zt|Zt−1) (3.60)

In summary, the optimal classifier algorithm consists of the following steps.
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1. Given: the vector time series ZN = {z1, z2, . . . zN}

2. Define q hypotheses about the observed data, {Mi}qi=1, where the parameters of Mi are
(Φi,Gi,Hi,Ji,Ci,x

−
1 ,P

−
1 ). The symbol x−

1 denotes the expected value of the state vector at
initial time t = 1, and P−

1 is the covariance matrix of the initial state vector. The state
equations for these hypotheses are given by Eqs. 3.31 to 3.33.

3. Choose prior probabilities for the q hypotheses, {Pr(Hi)}qi=1 to model the initial uncertainty.

4. Define d candidate decisions and an associated d× q utility-function matrix U , where U(j, k)
is the utility of making decision j when the data are generated by hypothesis k.

5. For each the q hypotheses, k = 1, 2, . . . q, compute the log-likelihood statistic log ℓk =
∑N

t=1 it(k),
where the incremental log-likelihoods, it(k), are computed using a Kalman filter for the kth
hypothesis. The equations are summarized here for convenient reference. For t = 1, 2, . . . N ,

it(k) = −1

2
log det(2πCzz,t)−

1

2
(zt −mt)

TC−1
zz,t(zt −mt) (3.61)

mt := Hkx
−
t (3.62)

Czz,t := HkP
−
t HT

k + JkCkJ
T
k (3.63)

where the expected value of the next state vector and its covariance matrix, x−
t+1 and P−

t+1,
are computed recursively as follows:

x−
t+1 = Mx+

t + Tzt (3.64)

P−
t+1 = MP+

t MT + L (3.65)

x+
t = x−

t +Ktet (3.66)

P+
t = P−

t −KtHP−
t (3.67)

In these equations, the following definitions have been used:

et = zt −Hx−
t (3.68)

Ct = HP−
t HT + JCJT (3.69)

Kt = P−
t HTC−1

t (3.70)

M = Φ−GCJT(JCJT)−1H (3.71)

L = G[C − CJT(JCJT)−1JC]GT (3.72)

T = GCJT(JCJT)−1 (3.73)

6. For each hypothesis, k = 1, 2, . . . q, compute the posterior probability p(k) = Pr(Hk|ZN ):

Lk := log ℓk − max
j∈{1...q}

log ℓj (3.74)

p(k) =
exp(Lk) Pr(Hk)

normalizing constant
(3.75)

where the normalizing constant is selected so that
∑

k p(k) = 1.
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7. Compute the vector of expected utilities, Ū , and choose the optimal decision, say the jth,
which has the maximum expected utility:

Ū = Up (3.76)

j = arg max
k∈{1,2,...d}

Ū(k) (3.77)
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Appendix A

Performance Objectives

The CV approach to state-space modeling involves three stages of computation: (1) CV analysis
of the local past and local future; (2) least-squares parameter estimation; (3) selection of the most
accurate model. Each of these stages minimizes its own performance objective. This appendix
defines these performance objectives and discusses their physical interpretations.

A.1 CV Analysis

In the CV analysis, estimated state vectors, containing n state variables, are computed from the
local-past vectors:

x̂n
t = Lnz−t (A.1)

where Ln is an n×mp∗ matrix, with either p∗ =p or p∗ = mpy+qpu, depending on whether output
modeling, or input-output modeling, is being considered.

A state vector contains all the information from the past of the observed process for the purpose
of predicting the future. For Gaussian processes, a state vector is a linear function of the past.
Therefore, the estimator in Eq. A.1 is linear. Because the analysis is based on finite time series
of observations, the estimator uses a finite part of the past. The matrix Ln should be chosen to
maximize the amount of information in x̂n

t about the future. However, there are an infinite number
of linear transformations that do that. To define a unique optimal estimator, three nice canonical
properties are put down as requirements:

1. Given the number of state variables, n, the vector x̂n
t is optimal for predicting the local future

z+t . That is, for an appropriate mf×n matrix Mn, the following estimates of the local future
are optimal in a weighted least-squares sense (which is defined below):

ẑ+t = Mnx̂n
t (A.2)

2. The estimated state vector x̂n
t is standardized for convenience so that the n state variables

are orthogonal to each other and have unit sample variances. This implies that the sample
covariance matrix

S(x̂n
t , x̂

n
t ) = In (A.3)

where In is the nth-order identity matrix. (Note that S is defined in Eq. 1.8 using specific
limits on the summation that prevent the computations from running off the ends of the time
series.)

36
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3. The state variables in x̂n
t occur in the order of their importance for predicting the future as

measured by the error criterion defined below. The first state variable is most important, the
second state variable is second most important, etc.

The error in the n-state estimate ẑ+t of the local future is

ϵn = ẑ+t − z+t (A.4)

The resulting weighted sum-squared error is defined as

Jn :=
N−f+1∑
t=p+1

ϵnTW−1ϵn (A.5)

The weighting matrix W is chosen so that, asymptotically as the number of observations N in-
creases, minimizing Jn (with respect to matrices Ln and Mn) is equivalent to maximizing the
amount of information in x̂n

t about the local future z+t . This objective is achieved by choosing W
to be the sample covariance matrix of the local future:

W = S(z+t , z
+
t ) (A.6)

Note that this choice of W makes Jn independent of the units in which the observations are
expressed. Also, Jn can be thought of as the sum of squares of the fractional errors.

A.2 Least-Squares Parameter Estimation

Two least-squares problems are solved in computing the model parameter matrices (Φn,Gn,Hn,Cn)
for an n-state model. The first problem is to determine Hn in the model output equation

yt = Hnx̂n
t + ent (A.7)

where the innovation vector ent is the error in using Hn to estimate yt from x̂n
t . Given the estimated

states, Hn is selected to minimize the total energy in the innovation vectors. Specifically, Hn is
selected to minimize

J (1)
n :=

N−f+1∑
t=p+1

enTt ent (A.8)

It is interesting to note that a weighted sum of innovation energy could also be used to define J
(1)
n ,

but the resulting Hn would be the same, regardless of which positive-definite weighting matrix were
used. The reason the weighting matrix is unimportant, is that this is an unconstrained minimization
in which there are enough parameters in Hn to minimize the total energy in each element of ent
independently of the other elements.

Given the estimated state vectors x̂n
t from the CV analysis and the innovation vectors resulting

from the optimal choice ofHn in Eq. A.7, the parameter matrices Φn and Gn are chosen to minimize

J
(2)
n , which is the total energy in the residual vectors rnt in the following equation:

x̂n
t+1 = Φnx̂n

t +Gnent + rnt (A.9)

J (2)
n :=

N−f+1∑
t=p+1

rnTt rnt (A.10)
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The reason that the residual vectors in Eq. A.9 are nonzero is that the estimated state vectors, x̂t,
only approximately satisfy the state propagation Eq. 1.3. The matrices Φ and G are selected in
Eq. A.9 to minimize the residual error that results from using the estimated states as if they were
actual state vectors.

Although J
(2)
n is an unweighted error measure, there is no loss of generality in using it, because

the optimal values of Φn and Gn are independent of whichever positive-definite weighting matrix
might be used.

A.3 Model Selection

The goal of model selection is to choose from the family of candidate models, {Φn,Gn,Hn,Cn}nmax
n=0 ,

that particular model which is the most accurate. The accuracy of a candidate model is measured
in information-theoretic terms by the discrimination information (DI) for recognizing the truth
and discriminating against the candidate. Therefore, DI is a measure of model inaccuracy. The
goal is to select that model which minimizes the DI. (DI is also known as Kullback information,
Kullback-Leibler information, cross entropy, and directed divergence.) Unfortunately, DI can not
be computed when the truth is unknown. Therefore, an unbiased estimate of DI, called the Akaike
Information Criterion (AIC), is computed instead for models with Gaussian innovations. Actually,
the AIC is an affine transformation of estimated DI, which is sufficient for identifying which model
is expected to be most accurate.

For a Gaussian state-space model having n state variables, the AIC is computed as follows:

AIC = (N − p) loge[det(C
n)] + 4mn+m(m+ 1) (A.11)

where Cn is the innovations covariance matrix of the model, and (N−p) is the number of innovations
vectors that were used in computing Cn. The first term on the right side of Eq. A.11 measures how
small the innovations are on average, which is a measure of how well the model can do one-step-
ahead predictions on the observations. The second term increases with the complexity of the model
as measured by the number of state variables, and the third term is the number of parameters in
the innovations covariance matrix. These two terms compensate for the artificially small value of
the first term, which is caused by the fact that the model parameters where chosen to minimize
the sample variances of the innovations. If a new time series, independent of the time series used
for computing model parameters, were available for computing the innovations covariance matrix
Cn, then the AIC would not be used, because the first term by itself is then an unbiased estimate
of model inaccuracy.



Appendix B

Derivation of Baseline CV Algorithm

B.1 Useful Notation

This section establishes useful matrix notation for doing linear least-squares calculations and proofs.
Consider the vector time series at and a related time series bt, for t = 1, 2, . . . , N . The vectors are
real and have dimensions ma and mb, respectively. Let

b̂t = Mat (B.1)

where b̂t denotes an estimate of bt, and the estimator M is an mb ×ma matrix. The mean-square
error (MSE) of this estimate, over the domain D ={tmin,tmin + 1,. . . ,tmax}, is defined as

MSED :=
1

|D|

tmax∑
t=tmin

eTt et (B.2)

where the error et :=b̂t−bt, and |D| := tmax − tmin + 1.
Corresponding to this MSE, it is useful to define the ma ×mb sample covariance matrix with

respect to D for the time series at and bt:

SD(at,bt) :=
1

|D|
∑
t∈D

atb
T
t (B.3)

This notation draws attention to the domain D, because it plays an important role in the selfcon-
sistent formulation of the state-space modeling problem.

The sample covariance operator SD has the following properties (where tr denotes the trace
of a matrix, A and B are matrices of appropriate sizes, and ct denotes a vector time series of
appropriate dimension and length):

• The MSE property:
trSD(et, et) ≡ MSED (B.4)

• The transpose property:
SD(at,bt) ≡ SD(bt,at)

T (B.5)

39
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• The transformation property:

SD(Aat, Bbt) ≡ ASD(at,bt)B
T (B.6)

• The linearity property:

SD(at + bt, ct) ≡ SD(at, ct) + SD(bt, ct) (B.7)

B.2 Fundamentals of Least-Squares Estimation

The CV approach to state-space modeling is based on the fundamental theorem of linear least-
squares estimation for time series:

Theorem 1 Given: (1) Two time series, at and bt, for t ∈ T := {1, 2, . . . , N}, having dimensions
ma and mb, respectively. (2) A domain D ⊆ T . (3) The matrix M = SD(bt,at)SD(at,at)

†, where
† denotes the Moore-Penrose pseudo inverse.

Assertions: (1) The estimate b̂t = Mat, for t ∈ D, is optimal among all linear estimates in the
sense that the resulting MSED is minimized. (2) Among all such optimal estimators, M is unique
in having the minimum Frobenius norm, ||M ||F :=

√
trMMT. (3) The observed vector at and

the resulting estimation error et are orthogonal: SD(at, et) = 0. (4) The sample error-covariance
matrix is given by SD(et, et) = SD(bt,bt)− SD(bt,at)SD(at,at)

†SD(at,bt).

When the time series at has an invertible sample covariance matrix, the following corollary is
useful.

Corollary 1 Given: (1) The existence of the inverse matrix SD(at,at)
−1. (2) The matrix M =

SD(b, a)SD(a, a)
−1.

Assertions: (1) The estimate b̂t = Mat, for t ∈ D, is both optimal and unique among all linear
estimates in the sense that the resulting MSED is minimized and there is no other linear estimator
that achieves this MSED. (2) The sample error-covariance matrix satisfies the equation SD(et, et) =
SD(bt,bt)− SD(bt,at)SD(at,at)

−1SD(at,bt).

When there is a rank constraint on a linear estimator, the following theorem on best matrix
approximations of given rank from [8] applies. In this theorem, Rm×n

r denotes the set of real m×n
matrices of rank r, and || ||F denotes the Frobenius norm.

Theorem 2 For a given A ∈ Rm×n
r and an integer k, 1 ≤ k ≤ r, a best rank-k approximation of

A is a matrix A(k) ∈ Rm×n
k satisfying

||A−A(k)||F = inf
X∈Rm×n

k

||A−X||F (B.8)

Let A = UΣV T be the singular value decomposition of A, with the singular values in the diagonal
m×n matrix Σ arranged in descending order, with the largest σ1 =Σ(1, 1). Let U(k) and V(k) denote
the submatrices consisting of the first k columns of U and V , respectively. Let Σ(k), be the diagonal
k × k submatrix consisting of upper left corner of Σ.

Then a best rank-k approximation of A is

A(k) = U(k)Σ(k)V
T
(k) (B.9)
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which is unique if, and only if, the kth and the (k+1)st singular values of A are distinct:

σk ̸= σk+1 (B.10)

The approximation error of A(k) is

||A−A(k)||F =

 r∑
i=k+1

σ2
i

1/2

(B.11)

B.3 Derivation of Baseline CV Algorithm

The baseline CV algorithm for state-space modeling is based on corollary 1 and theorem 2. A
derivation of the first two stages of the algorithm is presented in sections B.3.1 and B.3.2.

B.3.1 CV Analysis

Given: (1) The vector time series yt for t = 1 to N , where each vector has dimension m. (2) Two
positive integers, p and f , which define the reach of the local past and local future, respectively.
(3) A positive integer, nmax≤min(mp,mf), which is the maximum number of state variables being
considered. The objective of the CV analysis is to determine a sequence of estimated state vectors
corresponding to the time series. The estimated vectors are to be linear functions of the local
past, as expressed by Eq. A.1, because this is a practical and reasonable approach when using
finite time series for linear modeling. The estimated state vectors are to be optimal in the sense
that when n state variables are considered, they minimize the weighted sum-squared error criterion
defined by Eq. A.5 (assuming that the best possible matrix Mn is used in Eq. A.2). The estimated
state vectors are also to be canonical (for mathematical convenience) in the sense that they satisfy
Eqs. A.3 and have their states arranged in the order of their importance for predicting the local
future.

The following notation is used for the covariances involving the local past and future:

Cpp := SD(z
−
t , z

−
t ) (B.12)

Cfp := SD(z
+
t , z

−
t ) (B.13)

Cff := SD(z
+
t , z

+
t ) (B.14)

The derivation of the CV analysis starts by replacing the weighted error criterion in Eq. A.5
with an equivalent unweighted criterion. This is done by introducing the standardized local past,
s−t , local future, s

+
t , and estimated local future, ŝ+t . These quantities are defined using the left

Cholesky factors of the sample covariance matrices of the local past and future:

s−t := [Cpp]
−1
L z−t (B.15)

s+t := [Cff ]
−1
L z+t (B.16)

ŝ+t := [Cff ]
−1
L ẑ+t (B.17)

The new vectors, s−t and s+t , have identity sample covariance matrices, as the following calculation
for the local past demonstrates.

SD(s
−
t , s

−
t ) = SD([Cpp]

−1
L z−t , [Cpp]

−1
L z−t ) (B.18)
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= [Cpp]
−1
L SD(z

−
t , z

−
t )([Cpp]

−1
L )T (B.19)

= [Cpp]
−1
L [Cpp]L[Cpp]

T
L([Cpp]

−1
L )T (B.20)

= Imp (B.21)

Because the weighting matrix W in Eq. A.5 is defined by Eq. A.6, the performance objective
can be rewritten as the equivalent unweighted performance objective

Jn =
N−f+1∑
t=p+1

(ŝ+t − s+t )
T(ŝ+t − s+t ) (B.22)

where the estimate ŝ+t is a linear transformation of the past:

ŝ+t = P s−t (B.23)

Choosing the matrix P in Eq. B.23 to minimize Jn in Eq. B.22 is equivalent to minimizing the
weighted error Jn in Eq. A.5, provided that the matrix P is constrained to have a rank of n. From
corollary 1 (and recalling that the sample covariance matrix of s−t is an identity matrix), it is known
that the optimal P with no rank constraint is

P = SD(s
+
t , s

−
t )SD(s

−
t , s

−
t )

−1 (B.24)

P = SD(s
+
t , s

−
t ) (B.25)

Substituting the definitions of the standardized past and future from Eqs. B.15 and B.16 into
Eq. B.25 and using Eq. B.6, leads to

P = SD([Cff ]
−1
L z+t , [Cpp]

−1
L z−t ) (B.26)

P = [Cff ]
−1
L [Cfp]([Cpp]

−1
L )T (B.27)

To find the optimal P for the present problem, for which the rank of P is n, the P in Eq. B.27
is factored using the singular value decomposition:

P = UΣV T (B.28)

where U is an mf × mf orthogonal matrix, V is an mp × mp orthogonal matrix, and Σ is an
mf ×mp matrix. The diagonal elements, Σ(k, k) for k = 1 to min(mf,mp), are the singular values
of P arranged in order, from largest to smallest. The other elements of Σ are zero. From theorem 2,
the best rank-n approximation to the unconstrained estimator is expressed in terms of submatrices:

Pn = UnΣnV
T
n (B.29)

where Σn is the upper-left n × n submatrix of Σ. The mp × n submatrix Vn contains the first n
columns of V , and the mf × n submatrix Un contains the first n columns of U .

By replacing the P in Eq. B.23 with the Pn defined in Eq. B.29, replacing s−t and ŝ+t by their
definitions in Eqs. B.15 and B.17, and then solving Eq. B.23 for the predicted local future, the
optimal rank-n predictor of z+t is found to satisfy the following equation:

ẑ+t = [Cff ]LUnΣnV
T
n [Cpp]

−1
R z−t (B.30)
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Equation B.30 gives the optimal estimator of the future, given the past, which was originally
expressed (in Eqs. A.1 and A.2) as

ẑ+t = MnLnz−t (B.31)

By comparing the Eq. B.31 with Eq. B.30, it can be verified that the optimal prediction matrices
Mn and Ln are

Ln = V T
n [Cpp]

−1
R (B.32)

Mn = [Cff ]LUnΣn (B.33)

Verifying that these are the correct expressions for Ln and Mn consists in checking that the esti-
mated state vector, which is defined for t = p+ 1 to N + 1 as

x̂n
t = Lnz−t (B.34)

has the following two properties: (1) its sample covariance matrix SD(x̂
n
t , x̂

n
t ) is the n× n identity

matrix; and (2) it contains the states arranged with the most important state first, the second most
important state second, etc.

In the parlance of canonical-variates theory, the estimated states defined by Eq. B.34 are canon-
ical variates, and the singular values, Σ(k, k) for k = 1 to n, are the first n canonical correlations
between the local past and future. For Gaussian processes, the mutual information rate, MI(n)
(measured in bits per sample), between the local past and future conveyed by x̂n

t is given asymp-
totically, as the length of the time series increases, by the following formula [9]:

MI(n) = −
n∑

k=1

log2

(
1− Σ(k, k)2

)
/2 (B.35)

The outputs of the CV analysis are the estimated canonical state vectors x̂n
t for times t = p+1

to N + 1 and for state orders n = 1 to nmax.

B.3.2 Least-Squares Parameter Estimation

The object of this processing is to use the estimated state vectors from the canonical analysis and
the observed time series, yt for t = 1 to N , to estimate the parameters of a family of state-space
models in innovations form. Each model corresponds to a different choice for n, the number of state
variables. The model parameter matrices (Φn,Gn,Hn,Cn) are estimated by using least squares, as
explained in the following.

Estimating Hn

The model output equation is
yt = Hnx̂n

t + ent (B.36)

in which Hn is to be selected as the optimal estimator of yt, given x̂n
t , and et is the estimation

error. The MSE to be minimized is given by J
(1)
n in Eq. A.8. From corollary 1, it follows that

Hn = SD(yt, x̂
n
t )SD(x̂

n
t , x̂

n
t )

−1 (B.37)
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But the sample covariance of x̂n
t is an identity matrix. Therefore

Hn = SD(yt, x̂
n
t ) (B.38)

Having determined Hn in Eq. B.38, and given yt and x̂n
t , the innovations sequence et is computed

using Eq. B.36 for t = p+ 1 to N :
et = yt −Hnx̂n

t (B.39)

Estimating Φn and Gn

The next step is to determine Φn and Gn, which occur in the state propagation equation of the
model. This equation is

x̂n
t+1 = Φnx̂n

t +Gnent + rnt (B.40)

where the residual term rnt is the error in optimally estimating x̂n
t+1 from x̂n

t and ent . The MSE to

be minimized is given as J
(2)
n in Eq. A.10. It is useful to note that x̂n

t and ent are orthogonal to
each other (SD(x̂

n
t , e

n
t ) = 0), because ent is the error of an optimal estimator (Hn in Eq. B.36) that

estimates yt from x̂n
t . Therefore, Φ

n and Gn, viewed as optimal estimators operating on orthogonal
data sets, can be computed independently of each other. From corollary 1, it follows that

Φn = Cn
x1x (B.41)

Gn = Cn
x1eC

−1
ee (B.42)

Cn
x1x := SD(x̂

n
t+1, x̂

n
t ) (B.43)

Cn
x1e := SD(x̂

n
t+1, e

n
t ) (B.44)

Cn
ee := SD(e

n
t , e

n
t ) (B.45)

Estimating Cn

Although a reasonable way of defining the innovations covariance of the n-state model is to set
Cn = Cn

ee, a more accurate algorithm is used in the baseline CV algorithm. This more accurate
algorithm takes into account the fact that the innovations process et appearing in Eqs. 1.3 to 1.4 is
not quite the same as the process ent defined by Eq. B.39. What is needed is the best estimate of
the covariance of the noise in Eqs. 1.3 to 1.4 for different numbers of state variables. To this end,
these equations are rearranged so that yt is the input process and ent is the output. This is done as
follows. Solve Eq. 1.4 for et:

et = yt −Hxt (B.46)

Substitute this expression for et in Eq. 1.3 and collect terms:

xt+1 = Φxt +G(yt −Hxt) (B.47)

xt+1 = (Φ−GH)xt +Gyt (B.48)

Finally, to emphasize that Eqs. B.46 and B.48 will be used repeatedly, with different numbers of
state variables, substitute ent for et and use subscripts on the coefficient matrices. The resulting
equations for computing ent from the time series yt are then

xn
t+1 = (Φn −GnHn)xn

t +Gnyt (B.49)

ent = yt −Hnxn
t (B.50)
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Equations B.49 and B.50 are used, with initial condition

xn
p+1 = x̂n

p+1 (B.51)

to compute ent for t = p + 1 to N . Then the innovations covariance matrix for the n-state model
is computed as the sample covariance

Cn = SD(e
n
t , e

n
t ) (B.52)


